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Abstract: Graph structure is a developing field with many real-world applications and 
advancements, particularly effective frameworks for integrative problem-solving in computer 
networks and artificial intelligence systems. To define the idea of an Interval-Valued Complex 
Neutrosophic Graph Structure (IVCNGS), the concept of an Interval-Valued Complex Neutrosophic 
Set (IVCNS) is applied to the graph structure. Using the adjacency matrix to calculate the degree of 
vertex, we have defined some findings about the IVCNGS. Further, we compute the energy and 
Laplacian energy of IVCNGS. Moreover, we derive the lower and upper bounds for the energy and 
Laplacian energy of IVCNGS, and we have discussed their application in IVCNGS. Finally, we 
develop an algorithm that clarifies the fundamental processes of the application. 


Keywords: Graph Structure; Interval-Valued Complex Neutrosophic Graph Structure; Energy and 
Laplacian Energy; Applications. 


1. Introduction 


Real-world problems with uncertainty and ambiguity are not always amenable to the standard 
techniques of classical mathematics. The concept of a fuzzy set (FS) was first proposed by Zadeh [1] 
in 1965 as an extension of the conventional notion of sets. A gradual determination of an element's 
membership in a set is allowed by the fuzzy set theory, as represented by a membership function 
with a value in the real unit interval [0, 1]. Since then, numerous scholars have investigated the 
concept of fuzzy logic and fuzzy sets to resolve a range of ambiguous and uncertain real-world 
problems. Interval-valued fuzzy sets are the development that the author initiated in Turksen [2] in 
1986. As a result of using numbers as the membership function, it also takes into account the values 
of number intervals to account for uncertainty. Usually, it is indicated by the symbol [u4,(x), May (x)]. 
Use the equation 0 < wj,(x) + u4y(x) < 1 to represent the degree of membership of the fuzzy set 
A. 

Likewise, the membership function is single-valued and it is not always possible to use it to 
capture both support and objection evidence. The intuitionistic fuzzy set (IFS) was developed by 
Atanassov [3] as a generalization of Zadeh's fuzzy set. IFS, which has both a membership and a non- 
membership function, can be created by deriving a new component, the degree of membership and 
non-membership, from the fuzzy set's properties. When defining intuitionistic fuzzy sets, he also 
included interval-valued intuitionistic fuzzy sets [4] for representing uncertainty, interval-valued 
intuitionistic fuzzy sets instead of traditional fuzzy sets are preferred. Defuzzification, a technique 
employed in fuzzy control in many ways, is the phase of the process that needs the most processing. 
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To interpret the degree of true and false membership functions, it is defined as a pair of intervals 
lu wt),Oocsmu + wt <1 and [7,/4*, 05a 4+ at < 1 withOspttat <1. 

On the other hand, erroneous, inconsistent, and incomplete periodic information cannot be 
handled by FSs, IFSs, or IVIFSs. Although these theories have applications in many different scientific 
domains, they are all hampered by the inability to accurately describe two-dimensional events. Ramot 
[5] proposed the concept of a complex fuzzy set (CFS) in 2012 to address this problem. A helpful 
generalization of FS is the membership grade of this concept, which is expressed as re’, where r 
stands for the amplitude term and 6 for the phase term. Values are restricted to only derived from 
the complex plane's unit circle. The phase term of CFS is significant since it is better equipped to 
control cyclical difficulties or recurrent troublesome phenomena. There will undoubtedly be 
circumstances where the second dimension is required because the phase term is present in CFS. This 
phrase distinguishes CFS from every other kind of information that is currently available. This use 
best exemplifies the original notion with a CF representation of solar activity. The concepts of 
complex intuitionistic fuzzy sets (CIFSs), which they translated to complex intuitionistic fuzzy sets 
using the degree of complex-valued non-membership functions, were initially described by Alkouri 
and Salleh [6] in 2012. Complex Interval-Valued Intuitionistic Fuzzy Sets (CIVIFSs) and its associated 
Aggregation Operator are novel concepts introduced by Harish Garg and Dimple Rani [9]. It is 
defined as a pair of intervals [u-e'™ pte ],0<po+ut<10<a +a*<2n and 
[Ae Ate | O<a +a* <10<5 8° 4+ ft <2n with O<ut+A* <1 and 0O<at+ft <1 to 
interpret the complex degree of true and false membership functions. 

Unfortunately, it is limited to processing incomplete and ambiguous data; it is unable to process 
inconsistent and ambiguous data, which is common in situations in the real world. It cannot handle 
the kind of ambiguous and indeterminate information that frequently arises in real-life situations; it 
can only handle partial and ambiguous information. Thus, Florentin Smarandache introduces the 
terms neutrosophic set, a unifying field in logics, and A Generalization of the intuitionistic fuzzy sets 
[7-11] and they are used in many domains to handle contradictory and ambiguous data. Truth 
membership, indeterminacy membership, and false membership are defined completely 
independently if the sum of these values in the neutrosophic set lies between 0 and 3. This is known 
as the indeterminacy value. Neutrosophy: Neutral Logic, Neutral Set, and Neutral Probability Give 
a more thorough explanation of the ideas of neutrosophy, set, logic, and neutrosophic probability. 
The neutrosophic set has quickly attracted the attention of many scholars because of the wide range 
of descriptive situations it covers. Additionally, this new set aids in controlling the ambiguity 
resulting from the neutrosophic scope. A comprehensive bibliometric examination of the 
neutrosophic collection is showcased, encompassing the years from 1998 to 2017. Mumtaz Ali and 
Florentin Smarandache developed the idea of a Complex neutrosophic set in 2016 [12]. When a set of 
real-valued amplitude terms for truth, indeterminacy, and falsehood are combined with their 
corresponding phase terms, we have a complex neutrosophic set. This set has a complex-valued truth 
membership function, complex-valued indeterminacy membership function, and complex-valued 
falsehood membership function. The complex neutrosophic set extends the neutrosophic set. 
Moreover, Atige U. R., Muhammad, Florentin Smarandache, and Muhammad R. A. [13] present the 
development of hybrids of hypersoft sets with complex fuzzy sets, complex intuitionistic fuzzy sets, 
and complex neutrosophic sets in 2020. 

Figure 1 presents the development of IVCNS, including the CS Crisp Set, FS Fuzzy Set, IFS 
Intuitionistic Fuzzy Set, IVFS Interval-Valued Fuzzy Set, CFS Complex Fuzzy Set, NS Neutrosophic 
Set, CIFS Complex Intuitionistic Fuzzy Set, CIVFS Complex Interval-Valued Fuzzy Set, CNS Complex 
Neutrosophic Set, CIVIFS Complex Interval-Valued Intuitionistic Fuzzy Set, and IVCNS Interval- 
Valued Complex Neutrosophic Set. 
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Figure 1. The development of IVNCNS. 


Ivan Gutman and Bo Zhou [14] introduced the idea of a graph's Laplacian energy in 2006. Its 
definition is the sum of the absolute values of the adjacency matrix's eigenvalues for the graph. The 
energy of a graph is used in quantum theory and many other applications in the context of energy, 
and it is defined as the sum of the absolute values of the differences of the average vertex degree of 
the graph to the Laplacian eigenvalues of the graph. This is done by connecting the edge of a graph 
to the electron energy of a particular type of molecule. Rosenfeld [15] created fuzzy graph theory in 
1975 and studied the fuzzy graphs that Kauffmann used to develop the basic idea in 1973. He 
explored some basic concepts in graph theory and established some of their characteristics. 
Bhattacharya [16] showed that the inferences from (crisp) graph theory are not always relevant to 
FGs in his remarks on FGs. Intuitionistic fuzzy relations and intuitionistic fuzzy graphs were 
introduced by Shannon and Atanassov in 1994. Fuzzy graphs with irregular interval values were 
examined by Rashmanlou [17]. Additionally, they defined fuzzy graphs [18] and various features of 
very irregular interval-valued fuzzy graphs. M.G. Karunambigai and K. Palanivel [19] first proposed 
the Edge Regular Intuitionistic Fuzzy Graph in 2015. 

Thirunavukarasu et al. [20] created complex fuzzy graphs (CFGs) to handle uncertain and 
ambiguous relationships that have a periodic nature. According to Yaqoob et al. [21], complex 
intuitionistic fuzzy graphs (CIFGs) were defined. They looked into the homomorphisms of CIFG and 
demonstrated a CIFG application in cellular network provider companies to test their proposed 
approach. To broaden the concept of neutrosophic graphs and CIFGs, Yaqoob and Akram introduced 
complex neutrosophic graphs (CNGs) [22]. They covered several basic CNG functions and provided 
examples to illustrate them. They also presented the energy of CNGs. The concept of Complex 
Neutrosophic Hypergraphs: New Social Network Models was expounded upon in 2019 by Anam 
Luqman, Muhammad Akram, and Florentin Smarandache [23]. The best examples and motivation 
for CNS derive from two voting procedures, and they use this example to support the applicability 
of their proposed model in their introduction. Laplacian energy of fuzzy graphs is a concept 
introduced by Sharbaf and Fayazi [24], and some results on Laplacian energy bounds extend to fuzzy 
graphs. For more details, see the research papers by Soumitra Poulik and Ganesh Ghorai [25-28] on 
detour g-interior nodes and Detour g-boundary nodes in bipolar fuzzy graphs with applications, 
pragmatic results in Taiwan education system-based IVFG & IVNG, and empirical results on 
operations of Bipolar fuzzy graphs with their degree. Further, a note on "Bipolar fuzzy graphs with 
applications" was proposed in 2020. A graph structure can be produced by enlarging an undirected 
graph; this structure can then be used to investigate other sorts of structures, such as graphs and 
signed graphs. The concept of graph structures was first proposed by Sampath Kumar in his essay 
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from 2006 [29]. The concept of a fuzzy graph structure was first proposed by T. Dinesh and T. V. 
Ramakrishnan in 2011 [30]. To use this model in IVCNGS, it can be rewritten in an abstract form. 
Muhammad Akram recently proposed the idea of Operations on Intuitionistic Fuzzy Graph 
Structures [31]. 


1.1 The framework of this research 

This idea can be applied in IVCNGS after being restated abstractly. This work is structured as 

shown in Figure 2 and as follows: 

e The concept of Interval-Valued Complex Neutrosophic Graph Structures (IVCNGS) is 
introduced in this work. Some results that we can share are that the IVCNGS adjacency 
matrix and the degree of vertex presence are being further examined. 

e Further, the energy and Laplacian energy of IVCNGS are calculated. Also, we determine 
IVCNGS's energy and Laplacian energy upper and lower bounds. 

e Moreover, IVCNGS applications and algorithm explanations were provided. Finally, an 
explanation of all these studies is provided in conclusion and future works. 

In order for researchers to further investigate this theory using analysis of the energy and Laplacian 
energies of IVCNGS, we recommended readers to read this article. 


The Interval- Valued Complex Neutrosophic 
Developing Set (IVCNS), an extension of the Interval- 

: Valued Neutrosophic Set (IVNS) and 
Neutrosophic Complex Neutrosophic Set (CNS), offers a 
Set Theory more accurate description of uncertainty than 
conventional fuzzy sets. 


The concept of the Interval- 
Valued Complex Neutrosophic Interval- 
Set (IVCNS) is applied to the Valued 
graph structure in order to define 
the idea of the Interval-Valued Complex 
Complex Neutosophic Graph Neutosophic 
Structure (IVCNGS). Graph 


Analysis, IVCNGS adjacency Structure 
matrix, characteristics, and 

constraints for the energy and (IVCNGS) 
Laplacian energy of IVCNGS 


According to the findings, the 
ee framework may handle 
Application ambiguity and uncertainty well 
and future enough to be applied in 
IVCNGS. 

Some limitations and ideas for 
future work are discussed. 


Development 


Figure 2. The development of IVNCNS. 


2. Preliminaries 


The development of the research work will be helped by the deliberation of some fundamental 
concepts and attributes in this field. 
Definition 1. Let’s say that conversation is the universe Y. Interval-Valued Complex Neutrosophic 
Set (IVCNS) A defined on Y is the object of the form. 
A= 
(Ca, [ua, @e'*, us, Qe], [ug,(@e**™, us, (ade@], [ug (ade, u3,(a)e**>| :a € 
Y}, where 
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i= V—1, ua, (a), uk, (@), wa, (a), WA, (a), Wa, (a), HA, (a) € [0,1] ; 
og, (a), of, (a), of, (a), of, (a), 04, (a), orf, (a) € [0,2n], 0 < (ui, (a) + (wa, @)) + (uk, (@))) <3. 


Definition 2. Let A = {(a, [Ha, (ayel™™1®, wh (ael@as®] ,[ua, (adel, wt (adel%2, 
[hag (adele, uh (a)el*s] -a € Y} and B= {(a,[up, @el®, pg, @e'©| 
; [H5, (a)ei%B2@) Up, (a)el*s2 | : [H5, (a)ei@B3) Up, (ajel*s®] :a € Y} be the two IVCNSs in Y, then 
¢ AGB if and only if py, (a) < ug, (a), Ha, (a) S up, (a), wa, (a) S up, (a), WA, (a) S ug, (a) and 
ua, (a) < g(a), HA, (a) S ug, (a) for amplitude terms and aj, (a) < ag, (a), af, (a) < af, (a), 
aq, (a) < ag, (a), af, (a) < a4, (a) and ag, (a) S ag, (a), a4, (a) < a4, (a) for phase terms, for 
all aE Y; 
¢ A=B if and only if uA, (a) = up, (a), wa, (a) = wp, (a), wa, (a) = Wp, (a), Wa, (a) = Hg, (a) and 
Ma, (a) = Up, (a), WA, (a) = Hg, (a) for amplitude terms and aj, (a) = ag, (a), a4, (a) = af, (a), 
aq, (a) = a8, (a), a4, (a) = a4, (a) and ag, (a) = ag, (a), 04, (a) = a4, (a) for phase terms, for 


all a€ Y; 


For simplicity, the 

ue isd Paes ee nye ee 
(ua, @ei*™™, ws ade’ |, [ug (ae'*42™, uh, (ade'@42 | [ug (ade'@, uk, ae’ is 
called the IVCNS, where, u3,, 44,44, € [0,1] such that wx, + uA, + ua, <3. 


Definition 3. A Interval-valued complex Neutrosophic relation in Y is described as aIVCNS Xin Y x 
Y and is characterised by: 


X = {(ab, [ui, (ab)e'*1), wt (ab)e'tis(0)| [Hi (ab)e'*#2), ys (ab)e'*2(0)), 
[Hx (ab) e'*x3 4) uf, (abye'*%s]) /ab €Y XY} where the Inter-valued complex Neutrosophic truth- 


membership, complex indeterminate-membership and complex false-membership functions of X are mapping to 
[0,1], such that 0 < wx, (rs) + ux, (rs) + ux, (rs) <3 forall rs EY xY. 


Definition 4. On a non-empty set X, a Interval-valued complex Neutrosophic graph is a pair G = 
(A,B), where A and B are complex Neutrosophic sets on X and a Interval-valued complex 
Neutrosophic relation on X, respectively, such that: 


iag, (rs) imin{aa, (r),a4,(s)} 


(ua, (rs)e <  min{uz,(r), ua, (s)}e 

(ub, (rsje << min{ut, ©), ud, je MAO) 
(iii) up, (rs)e"2" << max{uj,(r), ug, (s)}em ta) 
(iv) up, rset << max{us, 0), uh, (sermaMae) 
(v) up, (rs) ei@BsS) << may {ua, (7), Ha, (5)} eimax{ag,(r),a4,(s)} 
(vidus,(rs)e'a" << max{uh, (7), uh, (senate aa) 


0 < ug, (rs) + up, (rs) + up, (Ts) <3 forall rs EY XY. 


3. Energy of IVCNGS 


In this part, the concept of routine IVCNGS is introduced. To further explain some of the 
fundamental IVCNGS features, examples are also provided. 
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Definition 5. Let ¢ = {n, 51, 52,..,5,} is referred to as an IVCNGS of graph structure (GS) ¢* = 
{QR Re, Rid if 1 = (Minas) = (nzel ntl], [Inze"*2, ngel%2] [nzel3,nfel“3]) is an IVCNS 
on Q andd, = (84,21, 53)) = (Sie, 5}e"],, [5;,e'%21, 83,1821], [55,€'%5, 83,e'851]) are IVCNSs on Q 
and R, such that 


(1)65,(a, bye!) < min{nz (a), nj (bye OAL), 

(ii) 5}, (a, b)etbis@ >) < min{n¥ (a), nt +(b)}eimin{ar (a),az(b)} 
(iii) 63,(a, b)e"F21) < max{nz (a), nz (by}eMM O22}, 
(iv) dz; (a, b)etbaj(@ >) < max{nt(a),n3 +(b)}eimax{az (a),az(b)} 
(iv)d3,(a, b)e'Psi) < max{n; (a), 3 (b) jeimartes O03), 
(iv) 6, (a, b)eF31) < max{nt (a), nf (byes 3 O)}, 


< (si(a, b)) “a (830, b)) # (53,(, b)) <3 and (Bi)(ab) ), (B3,(ab)), (B3;(ab)) E [0,2n] V ab € 
Reigack 


Note : 63), 57), 63; , 53; and 63; , 63, are function from R, to [0,1] such that 67,(a,b) < 
5yj(a,b), 53)(a,b) < 83,(a,b), 53)(a,b) <53,(a,b), By(ab) <Biy(ab) , By(a,b) < B3,(a,b) and 
B3,(a,b) < Bi,(a,b) for all (a,b) €R,,J =1,2,...,k. 


Definition 6. The adjacency matrix AG = {A6,,A63,...,A6,} of aIVCNGS ¢ = {n, 6, 53, ..., 5,3, where 
AS), J = 1,2,...,k) is a square matrix as [u; | in which Uj, = 


(55 (wjug)el0% 5y (4; uy,elP (ose) | [835(u, uj, eB 2144), oe (4; u,)el2(rn) |, 
[835(u, uj, )etBas(4i4x), 53,(u, uy,)e'#51(%s40) hy, where 67,(ujux), 67;(ujux) is represent the strength of 


interval-valued truth membership amplitude term and 53,(u, Ux); 53; (u; Ux) is represent the strength 


of interval-valued indeterminate membership amplitude term between 4; 


53;(u;ux), 63)(uju,) is represent the strength of interval-valued false membership amplitude term 


and u, and 


between uj; and u, and By (ujux), Bi (ujux) is represent the strength of interval-valued truth 
membership phase term and £3, (ujux), B3;(ujuy,) is represent the strength of interval-valued 
indeterminate membership phase term between u; and ux, and 83,(ujux), 83,(ujux) is represent the 


strength of interval-valued false membership phase term between uj; and ux. 


Definition 7. The adjacency matrix Ag = {A8,, A&2,...,A5,} of aIVCNGS ¢ = {n, 6;, 83, ..., 5,3. Then 


the 6, - degree of vertex u in  A(@)_ is defined as Ads, (u)e**) a 


iAdge (u) pat pe = 


({Ads;, (ue Adgs (ue 


+ (u) 


iAd p- iAd (u) 
[Adg;, (we! #1, Adgs (ue #8 : 


|. [Adz we), Adgs we"), 
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k 
k = iAd ca k 
Ads;, tie Fu = 2 67, (u (uj, ) JeteaPare), Ads. (u)e BT, y o+, (u (uj, euz=1 Bij (ujz) 


kK 
Ko a= ee k 
Ads;, (ue 8a) = > 53) (wz ) J ees aie), Ads (ue “88s 2% Fy (tye) | eBe-a Paste), 


N 
= 


k k 
a (wu) 
Adg;,(u)e'*#5" =|” 85; (wje) Je™2 FI), aa swe 2% fy (jz) | e222), 


Z=1 z= 


VJ = 1,2,...,k. 


Example 1. An IVCNGS ¢ = (9, 61,52) of a GS (* = (Q,R;,Rz2) given Figure 3 is a IVCNGS ¢ = 
(n, 5,,52) such that n = {u,([.4e!3", .7e!47], [.3e!2", 6e!37], [.2e!17, 4e/37]), 


tin([4e""” ,.6e°*" |, [3e"", Se"), (.4e" 62" |), ua [.5e" ,.6e"*"|,|.5e"™, 76°" |, 36" ae" |), 


uy([-3e°" 66"), [.4e"**, Se"), |. Ze Se" |). 


mn 61 ([-4e!2", 6e"47], [.3e", 6e*"], [.4e'3*, 6e'4"]) u2 


5y([.4e2*, 6e!47], [.5e", .7e!], [-4e'**, 66") 


bol [.3e!*, Be], [.4e!*, 65"), 2c", Se!) 


uy 5, ([.3e3", 6e47], [.5e47, .7e*"], [.3e', 5e!*]) ug 


Figure 3. The adjacency matrix of the amplitude term of an IVCNGS. 
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The adjacency matrix of the amplitude term of an IVCNGS given in Figure 3 is: 


0 0 4° .6 0 0 0 0 
(0 0) (3's) (0 0) (0 0] 
0 0 4° .6 0 0 0 0 


The adjacency matrix of the amplitude term of an IVCNGS given in Figure 3 is 
The 6, — degree of vertex u; in A(@) is (i=1, 2, 3, 4). 


Ads, (ui) = ([Adgz, (ux), Adgy. (us)], [Adgz, (u,), Adgs, (u)], [Adsz, (u,), Adgs, (u,)]) 
Adg, (u,)=([. 4e'2", .6e'47], [. 3e'57, .6e'57], [. 4e'97, 6el47]), 
Ads (uy =i 7e ize" | eye" dete? |] Bert A 2ee "5, 
Adg,(u,) = ([.3e'*%, .6e'*"], [. 5e!*",.7e'"], [:3e', Sel" ]), 


The adjacency matrix of the phase term of an IVCNGS given in Figure 3 is: 


0 0 2 .4 0 0 0 0 
(0 0) (5:5) (0 0) (0 0] 
0 0 3.4 0 0 0 0 


Ads, ua) = (-6e"**, 122"), [:9e* 1.26%"), [. 7e!"*, 1. 1e**]), 


Similarly, we calculate, the adjacency matrix of adjacency matrix of amplitude term of an IVCNGS 


given in Figure 3 is: 
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The adjacency matrix of the phase term of an IVCNGS given in Figure 3 is: 


0 0 0 0 0 0 3.4 
(0.0) (0 0) (0 0) (4 35) 
0 0 0 0 0 0 <3) S35 


The 5, — degree of vertex u; in A(G) is (i=1, 2, 3, 4). 
Ads, (uy) = ([Adsz, (us), Ads, (ur)]_, [Adaz, (us), Adsy, (ur)],, [Adaz, (ut), Adgz, (u)]) 
Ads, (u)=(L- 3ei 3m 6eh4T], [. 4e!4r 6e857], [. 2e' 37 jet? ]); 
Ads, (uz) = ([. 4ei 2m 6eh4T], [. Bel st 7elSt], [. 4ei4t .6e'5"]), 
Ads, (u3) = ([. 4ei2t 6eh4T], [. Bel st TEST], [. 4ei4t be"), 


Ads, (us) _ ([. 3ei 3m 6eh4T], [. 4el4t 6e!57], [. 2e' 3m 5et?* |), 


Definition 8. The spectrum of an adjacency matrix of an IVCNGS is defined as (P,,Q4, Pz, Q2, P3, Q3), 
where P,;,Q,,P>,Q2,P3,Q3 is the amplitude term of the set eigenvalues of A(@) and 
(Pi, Q4, Pz, Qo, P3,Q3), where Py, Qi, P2,Q5,P3,Q3 is the phase term of the set eigenvalues of A(¢) 


respectively. 
Example 2. The spectrum of IVCPFGS, given in Figure 3 follows. 


Spec (Adz,(uj,uz)) = {-0.5389, -0.2227,0.2227,0.5389}, 
Spec (Adz, (uj ux)) = = {—0.9708, —0.3708,0.3708,0.9708}, 


Spec (453,(uj,ux)) = = {-0.9514, —0.4415,0.4415,0.9514}, 
Spec (453, (uj, Ux) 


Spec (Adz,(uj, u,)) = {-0.9306, -0.3224,0.3224,0.9306}, 


Spec (Adz,(uj,u,)) = {-0.6708, -0.2236,0.2236,0.6708}, 
) = {-0.6093, -0.1970,0.1970,0.6093}, 
Spec (ABix(uj, w,)) = {-0.3811, -0.1575,0.1575,0.3811}, 


Spec (46% (y;, Uz)) = 
Spec (483: (uj, ux) = {—0.7697, —0.2598,0.2598,0.7697}, 


= {-0.6472, —0.2472,0.2472,0.6472}, 


Spec (ABH (uj, ue)) = {-0.8090, -0.3090,0.3090,0.8090}, 
Spec (AB3; (uj, up)) = {-0.5389, -0.2227,0.2227,0.5389}, 
Spec (ABS (uj, ux)) = {-0.8450, -0.2367,0.2367,0.8450}. 


Therefore, the spectrum of amplitude term is 
Spec(A(6,)) = {( —0.5389, —0.9708, —0.6708, —0.9514, —0.6093, —0.9306 ), 
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( —0.2227, —0.3708, —0.2236, 0.4415, —0.1970, —0.3224 ), 
( 0.2227, 0.3708, 0.2236, 0.4415, 0.1970, 0.3224 ), 
( 0.5389, 0.9708, 0.6708, 0.9514, 0.6093, 0.9306 )} 
The spectrum of phase terms is 
Spec(A(B,)) = {(—0.3811, —0.6472, —0.7697, —0.8090, —0.5389, —0.8450 ), 
{ —0.1575, —0.2472, —0.2598, 0.3090, —0.2227, —0.2367), 
(0.1575, 0.2472, 0.2598, 0.3090, 0.2227, 0.2367 ), 
{ 0.3811, 0.6472, 0.7697, 0.8090, 0.5389, 0.8450)} 
Similarly, we calculate 
The spectrum of amplitude term is 
Spec(A(5z)) = {( —0.4000, —0.6000, —0.5000, —0.7000, —0.4000, —0.6000 ), 
(—0.3000, —0.6000, —0.4000, —0.6000, —0.2000, —0.5000), 
(0.3000, 0.6000, 0.4000, 0.6000, 0.2000, 0.5000), 
{ 0.4000, 0.6000, 0.5000, 0.6000, 0.4000, 0.6000 )} 
The spectrum of phase terms is 
Spec(A(B)) = {4 —0.3000, —0.4000, —0.5000, —0.5000, —0.5000, —0.5000 ), 
{ —0.2000, —0.4000, —0.4000, —0.5000, —0.3000, —0.5000), 
( 0.2000, 0.4000, 0.4000, 0.5000, 0.3000, 0.5000 ), 
(0.3000, 0.4000, 0.5000, 0.5000, 0.5000, 0.5000)} 


Definition 9. The energy of amplitude term of an IVCNGS ¢ = {n, 51, 52,...,5,} is defined as the 


following; 
€(Z) =< €(A6d,), €(Ad2), ..., E(Ad,) > 


€(A5;) = (Suc 5, a D8, Sans, Yad, Sans Y%s,).¥1 = 12,..,%, 


i=1 i= 


and the energy of phase term of anIVCNGS ¢ = {n, 51, 52,...,5,} is defined as the following; 
E(G) =< €(AB;), €(ABz), ---, €(AB,) > 


€(AB,) = (> Op, Yen, en, Yen, door, Yen) PST? capke 


Example 3. The energy of amplitude term of an IVCNGS ¢ given in Figure 3 are as follows: 
E(G) = < €(Ad;), €(Ad2) > 
€(Ad,) =< 1.5232,2.6833,1.7889,2.7857,1.6125,2.5060 > 
€(Ad,) =< 1.4000,2.4000,1.8000,2.6000,1.2000,2.2000 > 


The energy of phase term of an IVCNGS @ given in Figure 3 are as follows: 


EG) = < €(AB,), €(AB2) > 
€(AB,) =< 1.0770,1.7889,2.0591,2.2361,1.5232,2.1633 > 
€(AB,) =< 1.0000,1.6000,1.8000,2.0000,1.6000,2.0000 > 


Theorem 10. Let A(@) = {A65,, AS3,...,A5;,} be an adjacency matrix of anIVCNGS ¢ = {n, 5,,52,..., 54}. 
If (ys, 2 ade 2-2 Gina,» Ds, 2 (us, 2-2 (ns, and Ar)s, 2 Az)s, 2-2 Anda, » 
Are 2 Az)s, 2---2 Ande, and Oas, = O2)s, 2-2 Onda, Os, = O2)s, 2---2 Onda, are the 
eigenvalues of the amplitude terms, (97)g, = (92) g, 2... 2 (9n)p,, (97), > (93g, >.> (8n)p, and 
(Pr)g, 2 (P2)g, 2---2 (Pada, » (Pig, 2 (P2)g, 2-2 (Pag, and (yr)g, = (V2)g, 2---2 Wada, - 
Qt), > (v2 )g, >.> (Yn), are the eigenvalues of the phase terms. Then 
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(@). LEG )s, = LE Wi )s, = Leys, = LE, = Lid )s, = L175, = 0 and 
dizi; Dp, = "(8)p, = = diz1(i gy = di=1007) p, = 


Da = Dn =0 


2 2 
(ii). Lei 5, > 2 Misj<ken (55(uj,u.)) Tea (ui Yo, = 2 Misj<ken (53,(u,, ux)) , 


Xa 3, = =2 > (53)(uj,ux)) Yani, = =2 3 (63,(wj,up)) 


Yor oa (53;(u,w)) ‘at oe (53,(w,up)) .and 
xo y=? DC Bis (uy, 4) Yorks Ze (Bii(wj.ux)) 
Yor a Bii(u,m)) orhne 3 Bi (upr)) » 
x ee om Bay(uj,%x)) Yet =2 | Bij (ume) 

VIE AZo 


Proof (i) since A(¢) is a symmetric matrix with zero trace, its eigenvalues are real and have a total 


value of zero. (ii) By the trace properties of the matrix, we have: 


wr ((4 (%,(wue)) ))= YoDi, where 
tr ((4 (55,(ux4))) ) = (Ose (6$,@uu,)) are (5$,@yu,)) , 


+ (58,(u.u,)) ah teh (68 (uu_)) » 


+ Cron) + (5$,(uyu2)) +++ 0) 


= 2 y (68,(w,u,)) 


1sj<ksn 


Similarly, we prove that 


2 AD8, =2 > (58,(uj,u)), Looi,=2 (85,(uj.m2)) 


1sj<ksn 1sj<ksn 
2 
and DOP} =2 >. (65m) ‘Yes, - 2S) (B65 (Cyue))» 
1sj<ksn 1<j<ksn 
Ss 2 
DoD}, =2 >. (BS, (w, /U,)) WS =-,+and J =1,2,...,k. 
1sj<ksn 


Example 4. Next, we show the example of the above Theorem 10. Let us consider A(@) = {A8,, A52} 
be an adjacency matrix of an IVCNGS ¢ = (n, 6;,52) as shown in Figure 3 in Example 1. Then: 
@.  TRiG)s, = VEL As, = OIL Gs, = Oand 
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n n n 
YC, =0. >. Op, =.) Wp, = OVS =—,+ and J = 12. 
i=1 i=1 i=1 


2 
(ii). Dujuper, (M793, = 0.6800 = 2(0.34) = 2Dujper, (Sia(up Ue) » 


> (ui )3, = 2.1600 = 2(1.08) = 2 >» (5i:(wu,)) » 


UjURERy UjUKERy 
2 
(A;)3, = 1.0000 = 2(0.5) = 2 >» (524 (uj,ue)) , 
UjUKERy UjURERy 
2 
»: (?)3, = 2.2000 = 2(1.1) = 2 > (%,(uj,ux)) } 
UjUKERy UjURERy 
2 
(773, = 0.8200 = 2(0.41) = 2 y (65:(w,ux)) 
UjUKERy UjUERy 
2 
» (73, = 1.9400 = 2(0.97) = 2 ye (3,(ujw)) sand 
UjUKERy UjURERy 
-\2 4 ; 
= (8; )g, = 3.4000 = 2(0.17) = 2 ~ (Bi(u, Uy) » 
UjURERy UjUKERy 
+)2 ae j 
Y. (2, = 0.9600 =20.48)=2 Y (Bi (yu), 
UjURERy UjUKERy 
2 
y (0; YB, = 1.3200 = 2(0.66) = 2 ~ (Bx (u;, ux) » 
ujueeRy UjUKERy 
2 
> Cay = 1.5000 = 2(0.75) = 2 y (B3:(ujux)) 
UjUKERy UjURERy 
2 
(i, = 0.6800 = 2(0.34) = 2 y (Bsi(ujux)) 
UjUKERy UjURERy 
2 
3 (vids, = 1.3200 = 2(0.66) = 2 > (B3.(uj,ux)) 
UjUKERy UjURERy 


Similarly, we calculate J = 2. 


Theorem 11. Let A(@) = {Ad,,A65,,...,A5,} be an adjacency matrix of an IVCPFGS ¢= 
{n, 51, 52,..., 5}. Then: 


2 


(i). yee (5f,(u;, wx) +n(n—1) mod (ace (4 (85;(up24))))" ae (5,(uj,ux)) < 
2n Yu jupery Gi (uj, u)) 


(ii). Dively (58,(wj,ux)) +n(n—1) mod (ace (4 (85,(up14))))" ae (55, (uj, w.)) 2 


2 
2n Yu jupery (55, (uj, ux)) , 


2 


(iii). | DiujupeRr, (5$,(wu,)) + n(n —1) mod (ace (4 (85;(upm))))" <e (5§,(uj, w.)) < 
en Yu jupery (55,(uj, ux), 
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2 


(iv). 2 rane (65,(w.ux)) +n(n—1) mod (ace (4 (85,(4jr4))))" <eé (BS, (uj, ux)) Z 


2 
2n Yrujupery (B5,(u;, ux)) f 


(v). Paes, (65,(w.ux)) +n(n—1) mod (<er(4 (83,(uj14))))" <eé (BS, (uj, we)) < 
en Yujupery (65,(uju,)) , 
(vi). | Diujupery (6$,(wjux)) + n(n — 1) mod (ace (4 (88;(4,%)))) <e (BS, (u;,we)) < 


s 2 
[en Yujuer, (BS) (uj tx) VS = —,+ and J = 1,2,..,k. 


Proof. (i) Upper bound: 
The following results are obtained by applying the Cauchy-Schwarz inequality to the vectors 
(1,1,...,1) and ( mod (u2), mod Cae ., mod (u8)) with n entries, we get: 


> mod (5) < Va > mod (5)? (1) 
(ds ‘) -> mod (uf)?+2 )° wfuf (2) 
1si<j<n 


By comparing the coefficients of (u°)"~? in the characteristic polynomial: 


[Jo — pu?) = mod (A(Z) — u5/), we have: 


wuf=— DY (68 (u,ue)) (3) 


1sisjsn 1sj<ksn 


Substituting 3 in 2, we obtain: 


> mod (uf? =2 "(a5 (ym) @) 


1sj<ksn 


Substituting 4 in 1, we obtain: 


y mod (yu?) =v y (58,(uj,w)) = [om » (58,(uj,w.)) 


1sj<ksn 


terre (Aiete)) fo >: (58,(uj,w.)) 


Lower bound: 


(8iee))'= (Syed) =D moare+2 Yous a 


1si<jsn 


2)" (si(upa)) + 2B AM{ mod (17H) 


1sj<ksn 


Since, AM{ mod (ujuj)} = GM{ mod (ufu7)}, 1<isj<n, 
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So, € (5f,(u,, ux)) > i » (68,(w,u,)) + n(n —1)GM{ mod (uf Be s)} 


1sj<ksn 


Also since: 


a 2 
n(n—1) 


n(n=1) 
GM{ mod (us u3)} = al mod (ui? ue -([] mod (u3)"- . 


1si<jsn 


(a mod (u$ >) 2» tod (ace (4 (88,(ux))))" 


i-j 


Therefore € (5f,(u,, ux)) Sle >, (55,(u.u,)). +n(n—1) mod (ace (4 (8§;(u4))))" 


1sj<ksn 


Thus, [2 Z (6$,(w,u,)) + n(n —1) mod (ace (4 (5 (yj u))))' 


€ (5§,(uj,ux)) < /2n Bs (5f,(u,, w)) ,VS=-—,t+and J = 1,2,...,k. 
UjUKER] 


Likewise, we can demonstrate that (ii), (iii), (iv), (v), and (vi). 


Theorem 12. Let A(¢) = {A8,, Adz, ..., A5,} be an adjacency matrix of anIVCNGS ¢ = {n, 83, 82, «.., Sx}. 
2 2 2 
If ns 2 LujupeRy (8$,(u;, ux)) ,ns 2 YujuxeRy (8$)(u,, ux)) , ns 2 YujupeRy (58,(u,, us) , and ns 
2 2 2 
2 LujuzeRy (3 (u;, uy) ms 2 LujupeRy (85, (u;, uy)) ns 2 LujuzeRy (85, (u;, ux) y Then: 


2 
2 Du jupeRy (6%, (ujux)) cf 


(i). (5§,(uj,u)) < ~ 


2 


2 DujupeRy ($;(ujaue)) 


) 


2 
2 2 Yur 65 ,( i, ) 
(n—1) 2 Yujuxery (53,(uj,ux)) = ( j eee (8 UpUK ) 


n 


G1) 2 Yujupery (58,(uj,u)) = ( 


Sr. 2 
a 2 Gap) e Be) | 


n 


2 


2Yu upper (85, (ujaux))” 
(iii). € (5$,(w,m)) < ss 


n 


2. 2 


2 2Dusuper, (os (uj,ux) 
(n—1) 2 Yujupery (5§,(uj,ux)) _ [ee 


s Uuj,uU ‘ 
Gv). (apn) <email 


n 


88 
2 2XYu wpe BE (uju ) 
(n -1)}2 Dupuyer, (B5)(xy,4x)) -( pel = 1) 
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s Uuj,uU 
69). ¢(6(qpay)) < Ber eden, 


n 


2 


Ss Ujz,U ‘ 
(n—1) 2 YujupeRy (B5,(u, ux) = jae J ‘)) 


2 
2 Wujupery (63 (ujux)) a 


(vi). € (65, (u;, ux)) s n 


2 
2 Yu jupeRy (85; (ujaex)) 


n 


(n — 1) 2 Yujupery (B5,(u, w)) , ( 


VS =-,+andJ =1,2,...,k. 
. : : 3 s 2 Duju,eRy ajk S : 
Proof. If A= [ait ven is asymmetric matrix with zero trace, then [hax = == tah where [l?iax iS 


the maximum eigenvalue of A. If A(¢) is the adjacency matrix of an IVCNGS (, then us > 
2duu 83,(u;, 
2Z ayer Fay (Use) where pS > pS >...> pS. 


Moreover, since Yon =2 > (5§,(uj,w.)) 


UjURKER] 


Yonr=2 D(C) = 4a? (5) 


UjUKER] 
With the vectors (1,1,...,1) and ( mod (n}), mod (73),..., mod (n8)) with n-—1 entries, the 
Cauchy-Schwarz inequality is applied, and the following result is obtained: 


n 


€ (5%)(uj ue) — uf =). mod (uf) < (m1) )) mod (HE? (6) 


i=2 i=2 


Substituting 5 in 6, we must have: 


€ (65,(ujux)) —pps |(n—-1)[2 > (5$,(w,u,)) ~ (nS)? 


UjUKER] 


€ (65,(ujux)) <pit+ |(n—1)[ 2 » (5f,(u,, ux) — — (us)2 (7) 


UjUKER] 


Now, since the function: 


Fw) =ut f@-p(2 > (58,(wj,u,)) — uw? 


UjUKER] 


decreases on the interval: 


E Yujupery (55 jv Uy). 25 (6 (w,u,)) ), 


UjUKER] 
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2 
2 Yujupery (55, (u;, ux)) 


Also,n <2 » (68(uj,u,)) 01 < > 


UjUKER] 


2 2 
E Yujupery (5%, (uj, ux)) < 2 Yujuzery (55, (u;, ux)) ee 2 Yujupery (55, (u;, ux)) 


n 


. Therefore, 


n 

2 

suis [2 > (6 (yue)) - 
UjUKER] 


2 
2 Yujuxery (5f,(u,, ux)) + 


n 


Therefore, Eq. (7) implies: 


€ (5f,(u,, ux)) < 


2 
2 2 Yujupery (5§,(u, ux)) 
n 


(n-1)42 D  (5%)(upue)) 


UjUKER] 


Likewise, we can demonstrate that (ii), (iii), (iv), (v), and (vi). 


Theorem 13. Let A(@) = {A6,,A5,,...,A5,} be an adjacency matrix of an IVCNGS ¢= 
{n, 81, 52,--., 64}. Then, (0) <> (1+ Vn). 
Proof. Let A(f) = {A6d,, Adz,...,A5;} be an adjacency matrix of an IVCNGS ¢ = {77, 6;,62,..., dx}. If 


2 
ns 2 Yu juper ' (5f,(u,, ux)) = 2z, it is simple to demonstrate using standard calculus that f(z) = 


= + [(n —1)(2z- (#) is maximized when z = meee We must have ¢€ (5f,(u;, ux)) < (1 + vn) 


if we replace this value of z with z= Yu juer : (of 7 (u;, u)) in Theorem 12. Similarly, to that, it is 
simple to demonstrate that € (53,(uj,ux)) < > (1 +n), € (5§,(uj, w.)) < el + 


yn),€ (B5,(u, w.)) = act +n), € (BS, (w, ux)) < Gt +n), € (88, (uw, w.)) < ae +n), VS= 
—,+ and J = 1,2,...,k. Hence, e() < ale +n). 


4, Laplacian Energy of IVCNGS 


The Laplacian energy of an IVCNGS is defined and examined, and its specific properties are 
given in this section. 
Definition 14. Let ¢ = {n, 84, 52, ...,5,} be an IVCNGS on n vertices. The degree matrix in amplitude 
term D8;(Q) = ([D5y(uiuj), DdF(uiu;)], [DS3j(uiu;), DS;(uiu;)], [D83j(uiu;), DBS (uiu;)]) = D8 (ij) 
The degree matrix in amplitude term 

DB G) = ([DBiy (uy), DB (uiu)], [DB2; (uru,), DB2;(uiy;)], [DBs (way), DBS; (uy) = DB) W) 

d Uj), i=j 
¢ isan n Xn diagonal matrix of amplitude term, which is defined as D6d,(ij) = oe ay d 
¢ isan n Xn diagonal matrix of phase term, which is defined as DB, (ij) = 0 Z i 


Definition 15. The Laplacian matrix of an IVCNGS ¢ = {n, 6,,63,...,5,} is defined as L(@) = 
(L6,, L65,..., L6;,), where L6, = Dd, — Ay, and DS; isa degree matrix of an IVCNGS ¢ and Ad, is 
an adjacency matrix for all J = 1,2,...,k. 
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Example 5. The Laplacian matrix of IVCNGS is shown in Figure 3 in Example 1. The Da, degree 
matrix of amplitude term of an IVCNGS 


Le ON a ~ 
oo oO ooo 
ooo ooo 
nn” Sa 
— aN 
Coos nro 
oo oO 
S 7 ora 
YN 
ooo ooo 
Se SL 
mo™ — 
NO U1 ooo 
PBRPpecesesosoos 
Se Ne Se 


Laplacian matrix of phase term of an IVCNGS is 
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2 4 —.2 —A4 0 0 0 0 
(5:5) (-s =) (0 0) (0 0) 
3.4 -—3 —4 0 0 0 0 
—2 —A4 4 2.8 0 0 —2 —A4 
(-s =5) (1 1) (00) (-s -3) 
—3 —4 6.9 0 0 -—3 —.6 

0 : 

0 


—A4 
=] 
—5 

0 0 —.2 —4 —.3 

(0.0) (=5 -s) (= 

0 0 —.3 —.6 —A4 


.8 

1 

1 
Similarly, we can calculate L6, and LB, Laplacian matrix 


Definition 16. The spectrum of the Laplacian matrix of an IVCNGS is defined as 
(Pip, Qi, Pat, Qor, Pai, Q3u,), where Pip, Qi, Po, Qar, Psi,Q3, is the amplitude term of the set 
eigenvalues of L(@) and (Py, Qiz, Poy, Qoz, Pap, Q3,), where Piy, Qi, Por, Qor, Psy, Q,_ is the phase term 


ZN 
ooo 
ooo 
Se 
BoB Ww 
ou 
Ney 
(ey 
NOMS fwWwWwWw vu 


|e | 
cmos 
SS 
a ol 


of the set eigenvalues of L(¢) respectively. 


Example 6. The Laplacian spectrum of an IVCNGS shown in Figure 3 in Example 1 are as follows: 
Laplacian Spectrum (L(67,)) = (0.0000,0.1866,0.6819,1.1314), 
Laplacian Spectrum (L(87,)) = (—0.0000,0.3515,1.2000,2.0485), 
Laplacian Spectrum (L(5z,)) = (—0.0000,0.2236,0.7553,1.4211), 
Laplacian Spectrum (L(53,)) = (—0.0000,0.3289,1.2879,1.9832), 
Laplacian Spectrum (L(53,)) = (—0.0000,0.2149,0.6896,1.2955), 
Laplacian Spectrum (L(53,)) = (—0.0000,0.3339,1.0925,1.9735), 
Laplacian Spectrum (L(G7,)) = (0.0000,0.1268,0.4732,0.8000), 
Laplacian Spectrum (L(Gf,)) = (0.0000,0.2343,0.8000,1.3657), 
Laplacian Spectrum (L(B3,)) = (0.0000,0.2746,0.8913,1.6341), 
Laplacian Spectrum (L(G},)) = (0.0000,0.2929,1.0000,1.7071) 
Laplacian Spectrum (L(B3,)) = (0.0000,0.1866,0.6819,1.1314), 
Laplacian Spectrum (L(B,)) = (—0.0528,0.2861,0.8466,1.7200) 
Therefore, the Laplacian spectrum of amplitude term is Laplacian 
spec(LA,) = {(0,—0, —0, —0, —0, —0), (0.1866,0.3515,0.2236,0.3289,0.2149,0.3339), 
(0.6819,1.2000,0.7553,1.2879, 0.6896,1.0925), (1.1314,2.0485,1.4211,1.9832, 1.2955, 1.9735)} 
And the Laplacian spectrum of phase term is 
spec(LB,) = {(0,0,0,0,0, —0.0528), (0.1268,0.2343,0.2746,0.2929,0.1866,0.2861), 
(0.4732,0.8000,0.8913,1.0000,0.6819,0.8466), (0.8000,1.3657,1.6341,1.7071,1.1314,1.7200)} 


Similarly, we can calculate Laplacian spec(L6,) and spec(LB,) 


Example 7. The Laplacian energy of amplitude term of an IVCNGS ¢ given Figure 3 are as follows: 
e(G) =< €(L6,), €(L6,) > 
€(L6,) = < 1.6267,2.8971,1.9528,2.9423,1.7702,2.7321 > 
The Laplacian energy of phase term of an IVCNGS ¢ given Figure 3 are as follows: 
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€(f) =< e(L6,), €(Ld2) > 
€(L6,) = < 1.1464,1.9314,2.2507,2.4142,1.6267,2.3334 > 


Similarly, we can calculate Laplacian €(L6,) and e(LB2) 


Theorem 17. Let L(@) = {L6,,L6,,...,L6,} be the Laplacian matrix of an IVCNGS = 
{0.81/82 Bde If (UT)s, = U2)s 2-2 Gs, (HDs, = Gs, B--2 Gs, and AF)s, = Al)s, 
2 Anda, ADs, 2 As, 2-2 Ans, and Oi)s, = O2)e, 2-2 Onda, OTs, 2 O2)s, 2. 
(Xn) 5, are the eigenvalues of the amplitude terms, (97), > (92), >.> (91) py (97), > (93), 
2 (On)g, and (p7)g, = (P2)g, 2---2 (Pag, (PI)e, = (P2)e, =---2 Padg, and (r)g, = (V2)a, 
2 (Va)py Oi), 2 (/2)e, 2---2 (Vag, are the eigenvalues of the phase terms. Then 


IV IV IV 


IV 


n n 
O YL wy =2 >. (Gu), Yo Ds =2 D2 (ue), 
i=1(uj )5 €Pa ujUKERy i=L(Hj)s/€@ UjURER] 
n n 
(ids, =2 > (by m)), DADs, =2 >. (6h (yue)), 
i=1,(47)5 RL ujUKERy i=1,(7) 5 ESL UjUKER] 
n n 
Gis =2 ) (S5(ym)), DG =2 Yo (Crus) and 
i=) )g ERI UjUERy iL) 5 €S1 UjURER] 
n n 
Cp, =2 > (Bir), Yo CD, =2 > (BiCyue)), 
i=1,(07) g €Piz ge es i=1,(87') ¢ €Q1 UjUKERY 
n n 
> De =2 > (Bae), LY De, =2 DY (6s (yu)), 
i=1(6[ )g,€Par UjUKERy i=1 (7) €Q21 UjUKERy 
n n 
YY OD =2 > (Baber) Yo OD_=2 d (Bh (y-m)) 
i=L(Y)g Ps. UjUKERy i177") g £031 UjUKERy 
n n 
af ~\2 <— 2 
(ii) > (uj Js, = 2 > (57;(uj,ux)) +) doz,(w) 
i=1(uj)5 Pa UjUKER] se 


n 


(ui D3, = 2 oy (6%(u,u,)) te > ds+ (uj), 
j=l 


ist (uj) s Qu UjURERy 
n n 
2 
_- 2 = — 
(A; 5, = 2 » (3)(uj,ux)) a >» dsz,(uj), 
i=1(A;)5,€Pan UjUKERY j=l 


n 


(8, =2 Do (4 (upun)) + Y dos (w), 
j=l 


i=L(A7)5 €Q2n UjUKERy 
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n n 
2 
(i )3, = 2 > (65;(uj,ux)) >. dss, (uj), 
i=L(aj )5 €PaL UjURERy j=l 
n n 


2 
(is, = 2 py (63;(uj,a)) wg ds+ (uj), and 


i=L(x7)5,€Qsz UjURER] j=l 
n aut 
ip, = 2 > (6ij(uja%)) + »: dg: (u), 
i=1,(8; )g €Piz UjURERy j=l 
n 


(8%, =2 Y. (Biy(uyue)) +> dps (u)), 
j=l 


i107 )p £21 uj AHER 


n 


(pip, = 2 » (Bx; (u, uw) +) dp (uj), 
j=l 


i=L(0] )g,€Pau UjuKERy 


Proof. (i) Given that L(@) is a symmetric matrix with positive Laplacian eigenvalues, the following 


is true: 


© DY wd = orton) = Yaga) =2 (Heya) 
j=1 


i=1(uj ) 5 EPL UjUKER] 


Likewise, we can demonstrate that 


n n 


(ute, =2 Y (84 (upm)), Yo Ga, =2 Yo (55)(uue)), 
i=L(uj)s Qu UjUKERy i=1,(4;)5/€RL UjUKERy 
n n 
(s,=2 > (6heyu)) Yo ai =2 Dd (65m), 
i=n(A7)s St UjURER] i= (xj )5 RL UjUKERy 
n n 
(xis, = 2 > (53, (uj, w.)) >, (8; pg, = 2 » (Bi; (uw, we)), 
i=L (x7) 5 €51 UjURER] iRL(8))g €PiL UjUugERy 
n n 
(8p, = 2 ye (Bi, (u;, ue)) y (pi pg, = 2 >. (82; (wj,ue)), 
i=1,(87')¢ €Q1 UjUKERY i=1(0;)g €Pa uyURER) 
n n 
Y © =2 > (Bw) Yo Oe, =2 Dd (Bi Cy-me), 
i=L (07) g €Qa1 UjUKER] i=L(%{ )g,€Pau UjUKERy 
n 
YO =2 > (BHO) 
i=L(7i") g €Qa1 UjURERy 
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(ii) By the Definition 15 of Laplacian matrix, we have: 


apt) sy ldan) Haye 
Léz, = ~ 81 (Uata) ds; (U2) 7 ~ 81 azn) 
—677 Unt) —677(UnU2) aS ds~ (Un) 


By the trace properties of a matrix, we have: 


n 


(Len) )= wh, 


i=1,(uj )5 €Pa 
tr ((4(65)) ) = CAC TD) + (5;)(uus)) Sere (6;(@12n)) + 
(6;(u.14)), +5 (iy) bee (8;(222_)) eae 


(5;)(umus)) + (S74C0tnua)) + +d, (Wty) 


a5 > (5:)(uj,u)) +Yo5(u) 


UjUKER] 


2 
Therefore, Dia iyc), ery H)8) = 2Zujmery (S7(ujux)) + D%1 doz, (uj) 


Likewise, we can demonstrate that 


n n 
2 
(Hi), = 2 » (53;(uj,ux)) a > ds+ (uj), 
i=L(uj)5 Qi UyUKERy se 
n 2 n 
(an =2 Yo (65(ypme)) + Y daz, (y), 
i=1,(47)5,€P2L UjUKERY j=1 
n 5 n 
i=L(A7)5 €Q2n UjUKER, fet 
n 3 n 
Gis, = 2 y (55)(wux)) + > ds;,(u), 
i=L (xj )5)€Paz UjURER] j=l 
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3, =2 D  (5%(upu)) ‘4D dnl ),and 


i=1(x})5 934 UjUKERy 


n 


Or Ye, = =2 » (B:; (uj, w.)) “4D alu 


Paa(Or) geht UjUERy 


n 


(96, = =2 D (B,(u;, w.)) 4D ty (uj), 


I=1(87)p, 2h, wie 


n 


» (079%, =2 > (65 (u,1,)) ‘+ Yaisl A) VJ =12,.058. 


i=1,(0; )g €Pa UjUKER; 


Definition 18. The Laplacian energy of amplitude term of anIVCNGS ¢ = {n, 61, 2,...,5,} is defined 
as: Le(Z) =< Le(6,), Le(62),..., Le(6,) > 


Le(6;) = >. mod ((Lur)s,). >, mod ((Lut)s,), 


U 


>; mod (a7)s,).). mod ( (was,)).), mod ( (xr EF > mod ( ((Lxi")s, )), where 
(La 5, = (aio a 1) ut es, = Gs, - aaa Zuyeer, (85 (wee) 
UjUKER 63, j? UjUKER 63 j? 
(Lar)s, = ADs ~ ib ue #8) ats, = Ge, 2 x te) 
(Lxr)s, = Coan (sy 8) ice (Siu 40) 


n 
For all J = 1,2,...,k. And the Laplacian energy of phase term of an IVCNGS ¢ = {n, 63, 52,..., 5} is 


defined as: 


Le(G) =< Le(B,), Le(B2),..-, LEB) > 


Le(B,) = 0) mod ((L87)p,).>. mod (L9;)g,), 


mod (Lez Ye). mod ((Lpi'),,)), 


tM 
iM: 


i 


n 


> mod (Lre,).>. mod ((Lv),,)), where 


i=1 i= 
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2 Yujuery (a (u;, ux)) 


2 YujueRy (Bi, (u;, ux)) 


(LO; )g, = Og, — 7 (L037) 8, a (97) p, a - 
2 Yu juer Bay jy U ) 2 Yujuxer By »U ) 
(Lp; dp, = ip, — ! (eas : re (pi a ! (eile ) 
2 Mujupery (B3j(uju 2 Yu juper B3)(uj,u 
(Lyi )p, = WE) p) -———- a ie ) (Lyi) p, = i), -——— + a itu 3) 


vj =1,2,...,k. 


Example 8. In Example 6, the Laplacian spectrum is found. An IVCNGS is Laplacian energy is shown 


in Figure 3 as follows: 


(Lu; )s, = mod (0 = + mod (0.1866 - a) + mod (0. 6819 — a ~) 


2(1.0) 
+ mod {1.1314 - —>— ) = 1.6267 


(Luz)s, = mod (0 = od + mod (oasis - + mod @ 2000 — a 


2(1.8) 
+ mod { 2.0485 - —[—] = 2.897 


(LA; 5, = mod (0 - ) + mod (0. 2236 — a) >) + mod (0.7553 _ —) 
2(1.2) 
+ mod (14211 = ae = 1.9528 
(La7)s, = mod (0 - 2) + mod (0 3289 — a) + mod (1.2875 = a) 


2(1.8) 
+ mod | 1.9832 -—7—} = 2.9422 


(Lx; Js, = mod (0 = —) + mod (0. 2149 — ) ~) + mod (0.6896 = ~) 


204) 
+ mod {1.2955 - 7 — ] = 1.7702 


(Lxi)s5, = mod (0 = a + mod (0 3339 — se) + mod (1052s a ) 


2(1.7) 
+ mod (1973s as a ) = 2.7321 
(LY; )p, = mod (0 - ae) + mod (0 1268 — a“) 4 + mod (0. 4732 — af) 
i 4 4 mn 
+ mod (0 8000 — as = 1.1464 
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(L9;")p, = mod (0 = “= + mod (2343 - “2 + mod (0. 8000 — — ~) 


2(1.2) 
+ mod { 1.3657 - —4—} = 1.9314 


(Lp; )p, = mod (0 — 20°) + mod (0.2746 - a) + mod (0. 8913 — 2%) 
+ mod (1. 6341 — 2) = 2.2508 
2(1.5 2(1.5 2(1.5 
(Loi), = mod (0 _ c ) + mod (0.2025 - c ) + mod @ 0000 7 


2(1.5) 
+mod (1.7071 -——} = 2.4142 


(Ly; )g, = mod (0 - 2) + mod (0. 1866 — 2) + mod (0. 6819 — 2) 


+ mod (1 1314 — 3) = 1.6267 


F 2(1.4) 2(1.4) 2(1.4) 
(Ly;")g, = mod | —0.0528 — rm + mod {| 0.2861 — ri +mod | 0.8466 — a 


+ mod (1.7200 _ an = 2.2805 

Theorem 19. Let L(¢) = {L6,,L6,,..., L6,} be the Laplacian matrix of anIVCNGS ¢ = {n, 6;,83,..., dy}. 
If (us, = Made, 2-2 inde, » (Hide, = (us, 2-2 (Ms, and Ars, = Ards, =..-2 Anda, , 
Ais, 2 Az)s5, 2...2 bs, and (x7 )6, = 2), 2---2 Ome, OG )a, = O2)s, 2---2 On ” are the 
eigenvalues of the amplitude terms een tre men L863; (ujux) and L63;(ujux), 
L63,(uju,) respectively, and (87 )g, = (92)g, 2---2 @n)a, » (97), > (93)g, 2 .> (ot )p, and 
(Pr )p, = (P2)g, 2---2 Pade, » (PT)g, = (P2)e, 2-2 adg, and (Vi)p, 2 wa 2.2 Yada, 
Q1)g, > (v2 )g, >... (yng; are the eigenvalues of the phase terms LB;, (uju,), LB; (uju,), LB3 (ujux), 
LB3)(uju,) and LB3;(ujux), LBs(uju,) respectively, 


2 Yu juxery (55(uj,ux)) ahs, = Gs. — 2 Yujuery (53(uj,ux)) 
J J : 


(Luz )s, = Wie, — 


n n 
= Les 2 Yu jupery (53)(ujux)) + a 2 Yu jupery (53)(ujux)) 
(LA; Js _ A; ry So? eo ee we (LAj ds, = (A; ds; “= 7 agi? «sh 
2 YujupeRy 53, (uj, ux) 2 Yujupery 53) (uj, Ux) 
(Lar )s, = ADs, - TVA) (Lis, = Os, - 2Beiee (SND) 
2 din ju ER Bij (uj, ur) 2 dies ER Bi, (uj, ux) 
and (L9;)p, = (97 )g, — 2Eneny (Filet) (LO) g, (8p, - 22upnen (Bitte) 
= Zz 2 Yujupery (B2;(u, we)) 2 Yujupery (B3,(u, un)) 
(Lore, = (6F)p) =, (Lig, = (0g, -— 
_ - 2Yu;u,p-ER (63)(ujux)) 2du;u,-ER (63)(ujux)) 
(Ly) p, = 7g, -—————,. hp, = OD), -o——* 
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then: Yi (Lu? )s, = 0, D7 (LA7)s, = 0, LE(Ly? )e, = 0, LL (L97)g, = 0, 


n n 
Y CoP), = 0) Crp, = 0 
i=1 i=1 


n n vik 

S = S = Ss = 
> u3, = 2M,s., Ycanys, = 2Mss,) (xi 0B, = 2Mys, 
i=1 i=1 i=1 


n n n 
Yo), = 2Mgs, ) Lpe)2, = 2Mps, > CLySI}, = 2Mps. 
i=1 i=1 i=1 
where: 
n 
2 ray ere jURERY (ai) 
Mss, = y (5f,(u,, ux)) + aD ao dE EN ee SBT 
UjURKER] t=1 
n 
2 1 2 Diuaper (ais ,)) 
Mss, = > (58, (uj, ux)) + =), c (u iy) - UjUKER] 
UjUKER] i=1 
n 
2 1 2 Yiu uper Cie /Uy.)) 
Mss, = >. (5§,(uj, w.)) +5). dss (u (u i)- bl nt 
UjUKER] i=1 
n 
1 2 ait jUKERy (Bi (4-0) 
Mgs, = y (85,(w.ux)) + =), [ss (u;) 6 NS NE Zs 
UjUKER] i=1 
n 
1 2a: jUKERy (BCs) 
Mgs_ = > (88,(w.ux)) + >), C (u;) i I SNE SS 
UjURKER] i=1 
n 
2 1 2 Yiu upeR (Bits /Ux)) 
Mgs, = >: (63, (uu) +5). [a0 jj ——— 
UjUKER] i=1 
n 
2 1 2 Yiu uper (Bile /Ux)) 
Megs, = >» (83, (u;, we)) +5). [a0 i) - PURER 
UjUKER] i=1 


VS=-,+andjJ =1,2,...,k. 


Theorem 20. Let L(¢) = {L6,, L6,,...,L6,} be the Laplacian matrix of anIVCNGS ¢ = {n, §;,53,..., 54} 


on n vertices. Then, 


3 


2 Yujupery (55, (uj, ux)) 


n 


(i) (Lu7)s, < ]2n > (5§,(uj,ux)) stn) dss, (uj) - 


UjUKER] t=1 
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s 22 55, (u;,u 
(ii) (LA})s, S 2n » (55,(u, /Ux)) ‘+n) [dy UjUKERY (53 ij )) 
UjUKER] i=1 
= Dias 63, (u;,u 
(iii) (Lx? )s, < j2n > (6$,(wj,u,)) + n>, dss (uj) - es 
UjURKER] i=1 
. 2 Duyuper; (Bey (ttp te) 
(iv) (LO? )p, < 2n ¥, (BS, (u;, uwe)) stn) ded jy bomen Gm) 
UjUKER] i=1 
2 Yrujuery (B5;(uju)) 


W) (pire, < fan DY (BS (ypm)) +> dys (uy) - 


UjUKER] t=1 


n 


3 


A 


Cig? mS ye) ee (eG) EO) 


n 
UjUKER] i=1 
VS =-,+and J = 1,2,...,k. 
Proof. (i) By applying Cauchy-Schwarz inequality to the n numbers 1,1,...,1 and 


mod ((4u3),,). mod (Ln), )»--» mod (Luss), we have: 


n 


mod ((Lu5)s,) < vn s mod ((Lus)s,) 


i=1 


L 


(Luf)s, < Vii |2Mos, = Pattss 


. 2 2Yu; a 53 (ujuz) 
Since, Mss, = Yu jupery (5f,(u,, ux)) + syn (a 5$ (u i)- nny ir a ai i) ; 


Therefore, 


2 2 Yu jupery (5iy(ujpux) 
(Lu?) 5, S /2nYujuer, (5%,(uj,ux)) +n Bh, (d 88, (u;) - k i(6 rtp 7 for all 
S=-—,+ and J=1,,...,k. 
We can verify the other sections (ii), (iii), (iv), (v), and (vi) in a similar manner. 


Theorem 21. Let L(G) = {L6,,L53,...,L6,} be the Laplacian matrix of an IVCNGS ¢ = {n, §;,52,..., 54} 


on n vertices. Then, 
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n 


() (Lu?)s, 22 » (58,(y ,)) yes). dss (uj) _ PRs (au) 


UjUKER] i=1 


(ii) (LA) 5, = 2 ». (53,(u, ,Uy)) yay eo _ 2 Raupuney Eno) 


UjUKER] i=1 


2 Yujupery (55, (uj, un)) 


n 


(ii) “xs, 2 2 


UjUKER] i=1 


n 


(iv) (LI?) pg, >2 


(v) (pf )g, = 2 > (85 (up) +5) 


UjUKER] 


» (B5,(uj.u)) + >| 


2 Yujuzery (5, (u;, 2) 
n 


ll 
ay 


n S ; 
(vi) (Ly? )p, >2 » (65,(u; u)). fs sy (, a _ 2 YujueRy (6 (oy) 


UjUKER] i=1 


Se 


VS=-,+andJ = 1,2,...,k. 


Proof. (i) 


n 2 n 
2 
(> mod ((Lus Ve ) =). mod ((Lui)s,) +2 » mod (cus )s,(LuF 52 4M ss, 
i=1 i=1 UjUKER] 


2 2Yuju 83 )(uj,wK) 
Since, Mss, = Yujupery (5f,(uj,ux)) +> Zia (a oe (u i) _ une (8 a hat ie i) 


2 2 Du ju 53, (ujux) 
Pieretere (Lu? Je, = ae (5§,(ujux)) +5 0h (<4s,(4) = J esr | ty (upur y 


for all S=—,+ and J = 1,2,...,k. We can verify the other section (ii), (iii),(iv),(v), 


and (vi) in a similar manner. 
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Theorem 22. Let L(G) = {L6,,L53,...,L6,} be the Laplacian matrix of anIVCNGS ¢ = {n, §;,53,..., 54} 
on n vertices. Then, 


© Cus)o, < mod (Lats,) + (m= 1) (2Mgg, — mod (Lu8Do,) ) 


(ii) (LaS)s, < mod ((L8$)5,) + |(@m—1) (2Mzs,- mid (14%)5,) } 


(iii) (Lx? )s, S mod ( ((L5$)s,) )+ fon 1) (2Mss - mod (“xi)s,) ) 


(iv) (LO)p, < mod ((L9)g,) + [(n- 1) (2Mps — mod (Lo dp) ) 


(%) CEps)p, $ mod ((Lp§)p,) + OD (2Mgs, — mod ((L0%)5,)') 


(vi) (LyS)g, < mod ((Ly$)p,)+ [(@-1 (2Mys - mga (‘L0%)¢,) ) 


VS=-,+andjJ =1,2,...,k. 


Proof. (i) 


n n 
2 
mod ( ((Lus s)) n mod ( ((Lu8)s,) 
=1 =1 


L 


U 


n 


3° mod (‘us < 


i=1 


(n= 1)” mod ((Lu).,) 


i=1 


(Luf)s,— mod ((Luf)s,) < Jono (2ms3,— mod ((Lu8)s,) ) 


22u; Upe (u yU ) 
That is Mas) = na Yujupery (5§,(uj,w.)) +- he i(a 5g, (u;) — meen (they) . 
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2 
Therefore, (Lu? dé; — mod ((Lu8)s,) + Ie —1) (2Mss, < mod ((Lu¥)s,) ) forall S=-—,+and] = 


1,2,...,k. We can verify the other sections (ii), (iii), (iv), (v), and (vi) in a similar manner. 


Theorem 23. If the IVCNGS ¢ = {, 6;, 52,...,5;} is regular, then: 


UjURKER] 


(i) (Lu?) 5, < mod ((Lu8)s,) +? r= 1) (2 (5f,(u,, ux)) - 0) 


(ii) (LAf)s, < mod ((LA§)5,) + n-o(2 5 (58,(uj,ux)) -— Cag, }; 
UjUKER] 


(ii) (Lx§)5, < mod ((Lxf)5,) + n-o(2 5 (24 600))~ 020} 


UjUKER] 


(iv) (LOS), < mod ((LO$)g,)+ |™m—1| 2 by (600d) can} 


UjUKER] 


(v) Cp, < mod (Lef)p,) + [@-D(2 >) (B(y.we)) - Ced4, } 


UjURKER] 


(vi) (Ly§)g, < mod ((Ly$)g,) + | (n= 1) (22 upper, (65; (y, we) - Lr), ); VS =, + and J = 


1,2,...,k. 


Proof. 


2 Yu juper oF, (uj,u ) 
dig) = een ee) sn) 9) 


n 


Substituting 9 in 8, we get 


(Luss, < mod ((Luf)s) + J@—D(2 SY (5%(w-we)) - Gud, }: 


UjUKER] 
We can verify the other sections (ii), (iii), (iv), (v), and (vi) in a similar manner. 


5. Application 


We evaluate the effectiveness of the proposed IVCNGS policies with real-world examples of 
medicine resource analyses based on the clinical field. The modern human life is heavily reliant on 
medicine. In the present context, it is the most important essential in the world. In our daily lives, we 
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use a variety of medications, including herbal, homeopathic, and generic medications. Satisfying 
human demand and supplying a sufficient number of medicines at a reasonable cost to the market is 
extremely significant for the pharmaceutical industry. 

Let's investigate how our IVCNGS concepts are applied to the pharmaceutical industry, which 
encompasses generic, homeopathic, herbal, and allopathic products, to explain its exceptional 
performance. The vertices in this example represent generic (u,), homeopathic (uz), herbal (us), 
and allopathic (u,). We examine the network analysis of best best-edition drugs in the 
pharmaceutical industry. The two intended relationships between the pharmaceutical effect of the 
introduced unit's impact on global demand R,and the damage to medications R,. According to the 
provided definition 5, impact on global demand R, and the damage to medications R. The offered 
definition 5 can be applied in any situation because it helps to take into account everything that has 
an uncertain value. In this case, a set of relations R, and a vertex set Q are considered. Examine 
Q ={ generic (u,), homeopathic (uz), herbal (uz), and allopathic(u,)}, as well as the effects on global 
demand R, and the relationships between components in the pharmaceutical industry that affect 
medication damage R,. We assume in Example 1 and Figure3 ¢ = (7, 6,,62) isIVCNGS of aGS ¢* = 
(Q, Ry, Rz). The greatest value of an IVCNGS amplitude term's energy ¢ is max(e(Z )) =2.6833 and 
the greatest value of an IVCNGS phase term's energy ¢ is max(e(@)) = 2.2361. In this illustration, it 
is obvious that the components have a greater impact on each other when there is a greater quantity 
of energy present in their relationships. It is obvious that more energy exists in R,. Asa result, generic, 
homeopathic, herbal, and allopathic all have a greater impact on one another. 

To assess each of these, we instructed two relation e,(k = 1,2) Interval-valued complex 
Neutrosophic Preference Relations (IVCNPRs) [32] to increase the degree of components in the 
pharmaceutical industry. Following is a formula to determine each expert's weight: 


€; & €) 
_£(482)) _£(462)) (465) 
(AOE) re(a0g) (ASE) se eas) (483) ean) | 


ene (Ad;,) oe € (Ad3)) "Dja1 € (463;) 


VS =-,+and J = 1,2. 


Ww, = 


Amplitude term of IVCNGS: 


W, = ((0.5210,0.5278), (0.4984,0.5172), (0.5733,0.5325)), 
W> = ((0.4789,0.4721), (0.5015,0.4827), (0.4266,0.4674)) 


Phase term of IVCNGS: 


W, = ((0.5185,0.5278), (0.5335,0.5278), (0.4877,0.5196)), 
W, = ((0.4814,0.4721), (0.4664,0.4721), (0.5122,0.4803)) 


By using the Interval-Valued Complex Neutrosophic Averaging (IVCNA) \label{0.1} operator, 
compute the averaged Interval-Valued Complex Neutrosophic element (IVCNE) uj of the 
pharmaceutical industry u;= {generic (u,), homeopathic (uz), herbal (u3), and allopathic (u,)} over 
all other testing venues for the experts e, (k=1,2): 


uf = IVCNA(uk,, uf, ..., uk) = 


t=1 


t=1 


ye (II (1- (65)", y. (Fees y A 1-(nt(-(65),))"baC6tp3)® 
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1 


1- (1 (1- ony.) (Fen,) A 1-(nB(-(6a),))"(os(68),)* 


i=1 


a 


4 
n 


RB 
sir 
iss) 
~ 
> ace 
ay 
— 
=| 
I 
— 
b 
I 
— 
Dw 
w 
SQ 
< 
= 
NS 
— 


PL (ei)..)" 
(1s(63)),,) dor all J = 1,2,...,k. 


i ta (1 - (63)",,))”-( 71(54)),,) ee 


Displays the findings as an aggregate Table 1 and 2. Calculate a collective IVCNE u; (i = 1,2,3,4) of 
the generic (u,), homeopathic (uz), herbal (uz), and allopathic (u,)using the Interval-Valued 
Complex Neutrosophic Weighted Averaging (IVCNWA) Operator. 


We =IVCONAGE Uwe) = 


(F(a GI) (reatanpspo POe len) 


~ ([] e =),)"”) ' ([ Jens") iB 1-(Ma(0-(05)),)"" )(Baales)c"!) 


k=1 k=1 


y 


(tes o-(65)),)”” (nto) 


_y \Ws7 wi 
fi (Mie (1- (65),)””). (Tae) e) M JOA ak 
Table 1 The expert aggregation results in amplitude term. 
Experts The Overall Results of the Experts 
ui = (0.2065, 0.8801, 0.1526, 0.8801, 0.2065, 0.8801) 
e1 u, = (0.2548, 0.7745, 0.2548, 0.7406, 0.2889, 0.7745) 
us = (0.1526, 0.8801, 0.2634, 0.9146, 0.1526, 0.8408) 


u, = (0.2146, 0.7745, 0.3302, 0.7691, 0.2548, 0.7406) 


(0.1526, 0.8801, 0.2065, 0.8801, 0.1007, 0.8408) 
€2 us = (0.2065, 0.8801, 0.2634, 0.9146, 0.2065, 0.8801) 


uy = (0.2065, 0.8801, 0.2634, 0.9146, 0.2065, 0.8801) 
u; = (0.1526, 0.8801, 0.2065, 0.8801, 0.1007, 0.8408) 


Table 2 The expert aggregation results in phase term. 


Experts The Overall Results of the Experts 


ut = (0.1007, 0.7952, 0.2634, 0.8408, 0.1526, 0.7952) 


e1 a = (0.1426, 0.6324, 0.3660, 0.7071, 0.2146, 0.6999) 
U4 = (0.1526, 0.7952, 0.2065, 0.8408, 0.2065, 0.8408) 
uz = (0.1822, 0.6324, 0.3302, 0.7071, 0.2548, 0.7400) 


uz = (0.1526, 0.7952, 0.2065, 0.8408, 0.1526, 0.8408) 
e2 u3 = (0.1007, 0.7952, 0.2634, 0.8408, 0.2065, 0.7952) 
uz = (0.1007, 0.7952, 0.2634, 0.8408, 0.2065, 0.8408) 
uz = (0.1526, 0.7952, 0.2065, 0.8408, 0.1526, 0.8408) 


Therefore, generic (u,), = (0.1828, 0.8801, 0.1817, 0.8801, 0.1700, 0.8615), homeopathic (uz), 
(0.2330, 0.8226, 0.2591, 0.8200, 0.2574, 0.8222), herbal (u3) = (0.1805, 0.8801, 0.2633, 0.9146, 0.1777, 
0.8589), and allopathic (u,) = (0.1876, 0.8226, 0.2762, 0.8208, 0.2047, 0.7858). Evaluate the score 
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2 2 2 2 2 2 
function S(u,) = ((Adg,,) — (Ad$,,) ) + ((445,,) — (Ad, ) )+ ((Adg,,) — (Ad,,) ) \citefA1} 
of ux, (k = 1,2,3,4) and rated all the testing venues (u;),i = 1,2,3,4. 


S(u,) = —2.1960, S(u,) = —1.8374, S(u3) = —2.2152, S(u_4) = —-1.8144. 
Then S(u,) > S(uz) > S(u,) > S(u3). Therefore, S(u,) is the best test venue. 
Phase terms: Similarly, We can verify the phase terms. 


5.1 Algorithm 


We now explain our method's step-by-step computation process, which is used in the algorithm that 
follows. 


(i). Input the set Q = {a,,d2,...,a,} use a variety of medications (vertices) and put the 
membership values 7 = (11,72,3) = ([nz ei, nt ei@7], [nze'2, niet], [nze!3 , nte!3]) of 


the nodes a;'s, n},n3,n3 € [0,1] and a}, a3,a$ € [0,27] for all S = -,+. 
(ii). Input the membership values 5) = (64),52),53)) = ([de'*t, dt ,e'F7'], [oz)e'82 , 63,¢'62 |) of 


the edges a,a; € R, such that 


85, (aia, et) < mingn§(a,), f(a emt odele) 
55,(a; a, )eta)(%4)) < max{n$(a;), n§(a;)}eiax (a2 ad.22(ay)} 


5§,(a,a;)e(A3(ia) < max{n$(a;), nS (a;)}eimax (had .23 (ay) 


0< (5§,(a:a;)) + (53,(a:a;)) + (5§,(a:a;)) <3 and (63, (a:a;)) j (B3,(a:a;)), (B$,(a:a;)) E 
[0,27] VS = —, + and aja; € Ry, J = 1,2,...,k. 


(iii). On the set used variety of medications Q, develop mutually disjoint, irreflexive, symmetric 
relations R,,R2,...,R,. Give each relation an identity that reflects a particular stage of 


development between the two types of medications it represents. 


(iv). Construct a graph structure on a set of medications with relation, then calculate the energy 


of each An,, Anz,..., AN. 
(v). Input a calculation like IVCNPRs 


. e(463,) : e(4B3,) ; e(4B3,) 
e(Ad;;) » Lies €(485)) (AS) e485) €(Ads,) 2 (4b) | 


Ww, = —— , , 
; dj=1 € (Adz, dj=1 € (A63;) Lj=1 € (A553, 


VS =-,+and J = 1,2. 


(vi). Calculate IVCNA and IVCNWA 
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(vii). Evaluate the score function S(ux,) = (Adz, - (Adé,,)) + ((4a3,,) * (4at,,) ) + 
((4as,,). 7 (adz,,) ) 


(viii). Provide an optimal testing venue output. 


6. Conclusions and Future Works 


The idea of IVCNGS has been developed in this research article by the authors. A more realistic 
description of uncertainty is offered by the Set IVCNS, an extension of the CNS and IVNS, compared 
to conventional fuzzy sets. It can be applied in many different contexts through fuzzy control. Many 
of the mathematical properties of the energy graph have been studied. The integration of the 
adjacency matrix IVCNGS, the energy of IVCNGS, and Laplacian energy IVCNGS with their 
intriguing properties has been proposed in this paper. Using the adjacency matrix's eigenvalues, we 
computed the IVCNGS's spectrum and determined its energy. Moreover, we presented the 
application of the energy IVCNGS in decision-making, specifically in determining the optimal level 
of pharmaceutical sources. If the adjacency matrix IVCNGS is used, there are several possible 
directions for this field's further investigation. Extension of the graph Structures energy to Complex 
Bipolar Picture Fuzzy Graph Structures, Interval-Valued Spherical Fuzzy Graph Structures, and 
dominating Complex bipolar neutrosophic graph structures are recommended areas of future 
research. Some of the limitations of this work are as follows: 

e IVCNGS was the main focus of the study and related network systems. 

e This approach is only applicable when there are symmetric, irreflexive, and mutually disjoint 

relations on the IVCNGS. 

e The IVCNGS idea is not relevant if the membership values of the characters are provided in 

distinct environments. 

e Obtaining accurate data could sometimes not be possible. 
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